The Grothendieck constant is strictly smaller than Krivine’s bound
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Abstract— The classical Grothendieck constant, denoted K¢,
is equal to the integrality gap of the natural semidefinite relaxation
of the problem of computing

max {Zzaij&éj Hediza, {6;}j=1 € {1, 1}} ,

i=1 j=1

a generic and well-studied optimization problem with many appli-
cations. Krivine proved in 1977 that K¢ < Tos(11V3) and conjec-

tured that his estimate is sharp. We obtain a sharper Grothendieck

inequality, showing that K¢ < m — go for an explicit

constant g > 0. Our main contribution is conceptual: despite
dealing with a binary rounding problem, random 2-dimensional
projections combined with a careful partition of R? in order to
round the projected vectors, beat the random hyperplane technique,
contrary to Krivine’s long-standing conjecture.

1. INTRODUCTION

In his 1953 Resumé [6], Grothendieck proved a theo-
rem that he called “le théoreme fondamental de la théorie
metrique des produits tensoriels”. This result is known
today as Grothendieck’s inequality. An equivalent formu-
lation of Grothendieck’s inequality, due to Lindenstrauss
and Petczynski [14], states that there exists a universal
constant K € (0,00) such that for every m,n € N, every
m X n matrix (a;;) with real entries, and every m + n
unit vectors X1, ..., Tm, Y1, .-, Yn € STT?TL there exist

€15+ +3Em;s 01, .., 0n € {—1,1} satisfying
m n m n
aij(iy;) <KD Y aged;. (1)
i=1j=1 i=1 j=1

Here (-, -) denotes the standard scalar product on R™*", The
infimum over those K € (0, 00) for which (1) holds true is
called the Grothendieck constant, and is denoted K.
Grothendieck’s inequality is important to several disci-
plines, including the geometry of Banach spaces, C* al-
gebras, harmonic analysis, operator spaces, quantum me-
chanics, and computer science. Rather than attempting to
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explain the ramifications of Grothendieck’s inequality, we
refer to Pisier’s survey [15] and the references therein.
The forthcoming survey [9] is devoted to Grothendieck’s
inequality in computer science; Section 2 below contains a
brief discussion of this topic.

Problem 3 of Grothendieck’s Resumé asks for the deter-
mination of the exact value of K. This problem remains
open despite major effort by many mathematicians. In fact,
even though K occurs in numerous mathematical theo-
rems, and has equivalent interpretations as a key quantity
in physics [20], [4] and computer science [1], [17], we
currently do not even know what the second digit of K¢ is;
the best known bounds [12], [18] are K¢ € (1.676,1.783).

Following the upper bounds on K obtained in [6], [14],
[19], progress on this problem halted after a beautiful 1977
theorem of Krivine [12], who proved that

™
Ko< —F
“ = 2log (1+2)

One reason for this lack of improvement since 1977 is that

Krivine conjectured [12], [11] that his bound is actually the

exact value of K. Here we prove that Krivine’s conjecture

is false, thus obtaining the best known upper bound on K.
Theorem 1.1: There exists g > 0 such that

(= 1.782..). 2)

T
G 2log(1+\/§)

We stress that our proof is effective, and it readily yields a
concrete positive lower bound on £y. We chose not to state an
explicit new upper bound on the Grothendieck constant since
we know that our estimate is suboptimal. Section 3 below
contains a discussion of potential improvements of our
bound, based on challenging open problems that conceivably
might even lead to an exact evaluation of K.

Remark 1.1: There has also been major effort to estimate
the complex Grothendieck constant [6], [3], [16]; the best
known upper bound in this case is due to Haagerup [8].
We did not investigate this issue here, partly because for
complex scalars there is no clean conjectured exact value of
the Grothendieck constant in the spirit of Krivine’s conjec-
ture. Nevertheless, it is conceivable that our approach can
improve Haagerup’s bound on the complex Grothendieck
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constant as well. We leave this research direction open for
future investigations.

In our opinion, the interest in the exact value of K¢ does
not necessarily arise from the importance of this constant
itself, though the reinterpretation of K as a fundamental
constant in physics and computer science makes it even more
interesting to know at least its first few digits. Rather, we
believe that it is very interesting to understand the geomet-
ric configuration of unit vectors zi,...,Tm,Y1,.--,Yn €
Sm+n—1l (and matrix a;;) which make the inequality (1)
“most difficult”. This issue is related to the “rounding
problem” in theoretical computer science; see Section 2.
With this in mind, Krivine’s conjecture corresponds to
a natural geometric intuition about the worst spherical
configuration for Grothendieck’s inequality. This geometric
picture has been crystalized and cleanly formulated as an
extremal analytic/geometric problem due to the works of
Haagerup, Konig, and Tomczak-Jaegermann. We shall now
explain this issue, since one of the main conceptual conse-
quences of Theorem 1.1 is that the geometric picture behind
Grothendieck’s inequality that was previously believed to be
true, is actually false. Along the way, we resolve a conjecture
of Konig [10].

1.1. Konig’s problem

One can reformulate Grothendieck’s inequality using in-
tegral operators (see [10]). Given a measure space (€2, u)
and a kernel K € L1(2 x Q, u X ), consider the integral
operator Ty : Loo(2, 1) — L1(2, 1) induced by K, i.e.,

def

Ty f(z) / @)K (2, y)du(y).

Grothendieck’s inequality asserts that for every f,g €
0o (€2, p; £2), i.e., two bounded measurable functions with
values in Hilbert space,

//ny

< KG 1Tk N 1. )22 @) 19 Lo @) 1 2w (2 p0) -

3)

Konig [10], citing unpublished computations of Haagerup,
asserts that the assumption K¢ = 7/ (2 log (1 + \/5)) sug-
gests that the oscillatory Gaussian kernel K : R” x R" — R
given by

), 9(y))du(x)du(y)

2 2
K(IE,y) déf exp ( ||J'H2 ;— ||y|2) sin((&y)) )

should be extremal for Grothendieck’s inequality in the
asymptotic sense, i.e., for n — oco. In the rest of this paper
K will always stand for the kernel appearing in (4), and the
corresponding bilinear form By : Lo (R™) X Lo (R™") — R

will be given by

Br(f.g) / / F@)g)K (@, y)dady.  (5)

R Rn

The above discussion led Konig to make the following
conjecture:

Conjecture 1.2 (Kénig [10]): Define fy : R™ — {—1,1}
by fo(z1,...,2,) = sign(z1). Then Bg(f,9) <
Bi (fo, fo) for every n € N and every measurable f,g
R™ — {-1,1}.

In [10] the following result of Konig and Tomczak-
Jaegermann is proved:

Proposition 1.2 (Konig and Tomczak-Jaegermann [10]):
A positive answer to Conjecture 1.2 would imply that
Kg = m.

Proposition 1.2 itself can be viewed as motivation for
Conjecture 1.2, since it is consistent with Haagerup’s work
and Krivine’s conjecture. But, there are additional reasons
why Conjecture 1.2 is natural. First of all, we know due to
Lieb’s work [13] that general Gaussian kernels, when viewed
as operators from L,(R™) to Ly(R™), have only Gaussian
maximizers provided p and ¢ satisfy certain conditions.
The kernel K does not fit into Lieb’s framework, since it
is the imaginary part of a Gaussian kernel (the Gaussian
Fourier transform) rather than an actual Gaussian kernel,
and moreover the range p = oo and ¢ = 1 is not covered
by Lieb’s theorem. Nevertheless, in light of Lieb’s theorem
one might expect that maximizers of kernels of this type
have a simple structure, which could be viewed as a weak
justification of Conjecture 1.2. A much more substantial jus-
tification of Conjecture 1.2 is that in [10] K&nig announced
an unpublished result that he obtained jointly with Tomczak-
Jaegermann asserting that Conjecture 1.2 is true for n = 1.

Theorem 1.3: For every Lebesgue measurable f,g: R —
{-1,1} we have

//f x)g(y)e~ g sin(zy)dxdy
//51gn x)sign(y)e” g sin(zy)dxzdy  (6)
=2v2log (1—|—\/§).

Moreover, equality in (6) is attained only when f(x) =
g(x) = sign(z) almost everywhere or f(z) = g(z) =
—sign(x) almost everywhere.

We believe that it is important to have a published proof
of Theorem 1.3, and for this reason we prove it in the full
version of this paper. Conceivably our proof is similar to
the unpublished proof of Konig and Tomczak-Jaegermann,
though they might have found a different explanation of this
phenomenon. Since Theorem 1.1 combined with Proposi-
tion 1.2 implies that Konig’s conjecture is false, and as we



shall see it is false already for n = 2, Theorem 1.3 highlights
special behavior of the one dimensional case.

Our proof of Theorem 1.1 starts by disproving Konig’s
conjecture for n = 2. This is done in Section 4. Obtaining
an improved upper bound on the Grothendieck constant
requires a substantial amount of additional work that uses
the counterexample to Conjecture 1.2. This is carried out in
Section 5. The failure of Konig’s conjecture shows that the
situation is more complicated than originally hoped, and in
particular that for n > 1 the maximizers of the kernel K
have a truly high-dimensional behavior. This more compli-
cated geometric picture highlights the availability of high
dimensional rounding schemes that are more sophisticated
(and better) than “hyperplane rounding”. These issues are
discussed in Section 2 and Section 3.

2. KRIVINE-TYPE ROUNDING SCHEMES AND
ALGORITHMIC IMPLICATIONS

Consider the following optimization problem. Given an
m x n matrix A = (a;;), compute in polynomial time the
value

m n

def
PT(A) = e
© ( ) m,51 ..... 5 E{— 11}22%5

=1 j=1

We refer to [1], [9] for a discussion of the combinatorial
significance of this problem. It suffices to say here that
it relates to the problem of computing efficiently the Cut
Norm of a matrix, which is a subroutine in a variety of
applications, starting with the pioneering work of Frieze and
Kannan [5]. Special choices of matrices A in (7) lead to
specific problems of interest, including efficient construction
of Szemerédi partitions [1].

As shown in [1], there is no PTAS for the problem unless
P = NP. But, since the quantity

m n

ZZ“U i, i)

=1 j=1

SDP(A) wf max

T1yee s T, Y15, Y ESMHN L

can be computed in polynomial time with arbitrarily good
precision (it is a semidefinite program [7]), Grothendieck’s
inequality tells us that the polynomial time algorithm that
outputs the number SDP(A) is always within a factor of
K¢ of OPT(A).

Remarkably, the work of Raghavendra and Steurer [17]
shows that K has a complexity theoretic interpretation:
no polynomial time algorithm can approximate OPT(A) to
within a factor smaller than K assuming the Unique Games
Conjecture. Note that Raghavendra and Steurer manage to
prove this result despite the fact that the value of K¢ is
unknown.

Theorem 1.1 yields the first improved upper bound on
the Unique Games hardness threshold of the OPT(A)
computation problem since Krivine’s 1977 bound. As we
shall see, what hides behind Theorem 1.1 is also a new

algorithmic method which is of independent interest. To
explain this, note that the above discussion dealt with
the problem of computing the number OPT(A). But it
is actually of greater interest to find in polynomial time
signs €1,...,&m,01,...,0n € {—1,1} from among all such
2mtn ch01ces of signs, for Wthh Doty gy i€y is
at least a constant multiple OPT(A). This amounts to a
“rounding problem”: we need to find a procedure that, given
Vectors 1, ..., %Tm,Y1,---,Yn € S™T?L produces signs
€1y Emy01,...,0n € {—1,1} whose existence is ensured
by Grothendieck’s inequality (1).

Krivine’s proof of (2) is based on a clever two-step
rounding procedure. We shall now describe a generalization
of Krivine’s method.

Definition 2.1 (Krivine rounding scheme): Fix k € N
and assume that we are given two odd measurable functions
f,g : R¥ — {—11}. Let G1,G2 € R* be independent
random vectors that are distributed according to the standard
Gaussian measure on R, ie., the measure with density
z s e 1215/2 /(27)k/2 For t € (—1,1) define

def

Hf’g(t) =
1 t V1-—1t2
E [f (\/iGl) g (\/§G1 + 7\/5 GQ)]

—lel3—lyi3+2ece.y)
k/Q//f x)g(y)e 1-¢2 dxdy.

Rk Rk

@®)

Then Hy, extends to an analytic function on the strip
{ze€C: R(z) € (—1,1)}. We shall call {f, g} a Krivine
rounding scheme if Hy ;4 is invertible on a neighborhood of
the origin, and if we consider the Taylor expansion

oo
-1 2j+1
Z) = E azj+1% i )
j=0

then there exists ¢ = ¢(f, g) € (0, 00) satisfying

3 JazjaleH = 1. (10)
=0

(Only odd Taylor coefficients appear in (9) since Hy 4, and
therefore also H _1, is odd.)

Definition 2.2 (Alternating Krivine rounding scheme):
A Krivine rounding scheme {f, g} is called an alternating
Krivine rounding scheme if the coefficients {ag;1}52, C R
in (9) satisfy sign(agj+1) = (—1)7 for all j € NU{0}. Note
that in this case equation (10) becomes H *1(1'0) Ji=1,or

Hyg(i) wrone Br(f.9) g)
! (var)"
Given a Krivine rounding scheme f,g : R¥ — {—1,1}

and T1,...,Zm, Y1, ,Yn € S™F"TL the (generalized)

Krivine rounding method proceeds via the following two
steps.

o(f,9) = (11)



Step 1 (preprocessing the vectors). Consider the Hilbert
space

H = @ Rern ®(27+1) ]
7=0

For + € S8™*t"~1 we can then define two vectors
I(z), J(x) € H by

ef ad . )
I(x) def Z |agj1| /22025025 41) (12)
j=0

and

(o)
J(x) " sign(ag;s1)]agj |20/ 2B @I

j=0

J (13)
where ¢ = ¢(f, g). The choice of ¢ was made in order to
ensure that I(z) and J(z) are unit vectors in 7. Moreover,
the definitions (12) and (13) were made so that the following
identity holds:

(I(2),

for all z,y € The preprocessing step
of the Krivine rounding method transforms the initial
unit vectors {z,}™ ,, {ys}7, C S™TTL o vectors
{up g {us oy € S™F7=1 satisfying the identities

(ur,vs) = (L), Ty = Hy etz ps)),  (15)

for all € {1,...,m} and s € {1,...,n}. As explained
in [1], these new vectors can be computed efficiently pro-
vided H can be computed efficiently; this simply amounts
to computmg a Cholesky decomposition.

J(W))n = Hy g(c(x,y)), (14)
Sm+n71.

Step 2 (random projection). Let G : R™™" — RF be
a random k x (m 4+ n) matrix whose entries are i.i.d.
standard Gaussian random variables. Define random signs
01y 30msT1y...,Tn € {—1,1} by
def 1 def 1

oy = f <\/§Gur) and 7, = g <\/§Gvs), (16)
forall r € {1,...,m} and s € {1,...,n}.

Having obtained the random signs
OlseeyOmyT1,---,Tn, € {—1,1} as in (16), for every
m X n matrix (a,s) we have

max E E ars€rbs =2 E
€1,..em€{—1,1}

61,0n€f{—1, 1} r=1s=1

m n
E E aTSOT 7—S

r=1s=1

B85Sy (. vs>>]

r=1s=1

m n

= c(f,g) Zzar5<mrays>a

r=1s=1
where (&) follows by rotation invariance from (16) and (8).
We have thus proved the following corollary, which yields

a systematic way to bound the Grothendieck constant from
above.

Corollary 2.3: Assume that f, g
Krivine rounding scheme. Then

_1
c(f,9)

Krivine’s proof of (2) corresponds to Corollary 2.3 when
k= 1 and f(z) = g(z) = sign(x). In this case
{f,g} is an alternating Krivine rounding scheme with
Hyq(t) = %arcsin(t) (Grothendieck’s identity). By (11)
we have ¢(f,g) = % arcsin(i) = %log (1 + ﬁ), so that
Corollary 2.3 does indeed correspond to Krivine’s bound (2).

One might expect that, since we want to round
VECtOrS Z1,...,Tm,Y1,---,Yn € STl to signs
ElyevyEms01,...,0n € {—1,1}, the best possible Krivine
rounding scheme occurs when & = 1 and f(z) = g(x) =
sign(z). This is the intuition leading to Konig’s conjec-
ture. The following simple corollary of Theorem 1.3 says
that among all one dimensional Krivine rounding schemes
f,9: R — {—1,1} we indeed have c(f, g) < c(sign, sign),
so it does not pay off to take partitions of R which are more
complicated than the half-line partitions.

Lemma 2.4: Let f,g : R — R be a Krivine rounding
scheme. Then ¢(f, g) < 21log (14 v?2).

Proof: Denote ¢ = ¢(f, g) and assume for contradiction
that ¢ > 2 = log (1 +2 ) Let r be the radius of convergence
of the power series of H glven in (9). Due to (10) we

know that r > 2 Jog (1 + V/2). Denote

o der Hyg(i) o(1) @ron®) Br(f.9)
) 71'[

< 2log (14 v2) < r, and
is well defined at the point i« € C. Thus,

:RF = {~1,1} is a

a7)

By Theorem 1.3 we have |o]
therefore H |

H_l(ia) > : .
an 4 f.q 9 2j+1
1= == E —1)as; 1™
i : O( ) 2j+1

o0
<3 Jazjl - laf
=0

By the definition of ¢ in (10) we deduce that ¢ < |o| <
2 Jog (1+ v/2), as required. [ ]

The conceptual message behind Theorem 1.1 is that,
despite the above satisfactory state of affairs in the one
dimensional case, it does pay off to use more complicated
higher dimensional partitions. Specifically, our proof of
Theorem 1.1 uses the following rounding procedure. Let
¢,p € (0,1) be small enough absolute constants. Given
{x 3™ {ys}7, € S™F~1 we preprocess them to obtain
new vectors {u, = u,(p,c)}iq,{vs = vs(p,c)}i, C
Sm+n—1" Dye to certain technical complications, these
new vectors are obtained via a procedure that is simi-
lar to the preprocessing step (Step 1) described above,



but is not identical to it. We refer to Section 5 for a
precise description of the preprocessing step that we use
(we conjecture that this complication is unnecessary; see
Conjecture 5.5). Once the new vectors {u, }™ ;, {vs}"_; C
S™m+n=1 have been constructed, we take an 2 X (m + n)
matrix G with entries that are i.i.d. standard Gaussian ran-
dom variables, and we consider the random vectors {Gu, =
((Gur)1, (Gur)2) 1Ly {Gos = ((Gus)r, (Gus)2)teoy €
R2. Having thus obtained new vectors in R?, with proba-
bility (1 — p) we “round” our initial vectors to the signs
{sign((Guy,)2) }q, {sign((Gvs)2)}2-; € R, while with
probability p we round x, to +1 if

(Guy)2 = ¢ (((Gu,«)l)5 —10((Guy)1)® + 15(Gu,n)1) .
(18)
and we round x, to —1 if

(Guy)a < ¢ (((Gur)1)5 —10((Guy)1)® + 15(Gu,«)1) .
(19)
For concreteness, at this juncture it suffices to describe our
rounding procedure without explaining how it was derived
— the origin of the fifth degree polynomial appearing in (18)
and (19) will become clear in Section 4 and Section 5. The
rounding procedure for y, is identical to (18) and (19), with
(Gus)1, (Gus)s replacing (Gu,)1, (Gu,. )2, respectively.

Figure 1. The rounding procedure used in the proof of Theorem 1.1
relies on the partition of R? depicted above. After a preprocessing step,
high dimensional vectors are projected randomly onto R? using a matrix
with i.i.d. standard Gaussian entries. With a certain fixed probability, if the
projected vector falls above the graph y = c(x® — 1023 + 15x) then it is
assigned the value +1, and otherwise it is assigned the value —1.

3. THE TIGER PARTITION AND DIRECTIONS FOR FUTURE
RESEARCH

The partition of the plane described in Figure 1 leads to
a proof of Theorem 1.1, but it is not the optimal partition
for this purpose. It makes more sense to use the partitions
corresponding to maximizers fmax, gmax : R> — {—1,1} of
Krivine’s bilinear form By as defined in (5), i.e.,

B max) Ymax) = B , —
K (fmax> max) P x(f.9)
[ [ e =5 e, yaza
.f,g:Rgrf{XAJ} T)g\y)e sin({z,y))aray.

R2 R? (20)

A straightforward weak compactness argument shows that
the maximum in (20) is indeed attained (see Section 4).
Given f: R? — {—1,1} define o(f) : R? — {—1,1} by

(1)) sign [ Fa)e 182 sin (o, 0)) ).
J

Then

and U(gmax) = fmax- (21)

Given f : R? — {—1,1} we can then hope to approach fi,ax
by considering the iterates {o*/(f)}32,. If these iterates
converge to fo, then the pair of functions {f.,0(fo)}
would satisfy the equations (21). One can easily check
that o(fo) = fo when fo : R? — {—1,1} is given
by fo(z1,22) = sign(ze). But, we have experimentally
applied the above iteration procedure to a variety of initial
functions f # fo (both deterministic and random choices),
and in all cases the numerical computations suggest that
the iterates {o?/(f)}52, converge to the function fu that
is depicted in Figure 2 and Figure 3 (the corresponding
function g, = 0(f) is different from [, but has a similar
structure).

U(fmax) = Ymax

Figure 2. The “tiger partition”: a depiction of the limiting function foo
restricted to the square [—7,7] x [~7,7] C R2, based on numerical
computations. The two shaded regions correspond to the points where foo
takes the values +1 and —1.

Figure 3. A zoomed-out view of the tiger partition: a depiction of the
limiting function fso restricted to the square [—20, 20] x [—20, 20] C R2,
based on numerical computations.



Question 3.1: Find an analytic description of the function
foo from Figure 2 and Figure 3. Our numerical computations
suggest that the iterates {0/ (f)}52, converge to foo for (al-
most?) all initial data f : R? — { 1,1}. Can this statement
be made rigorous? If so, is it the case the {foo,0(fso)]} are
maximizers of the bilinear form Bx? We conjecture that the
answer to this question is positive.

Question 3.2: Analogously to the above planar computa-
tions, can one find an analytic description of the maximizers

fm (TZ)X, gr(y?d)x R™ — {—1, 1} of the n-dimensional version of

Konig’s bilinear form By ? If so, does { fm (T;)X, gr(ﬁa)x} form an
alternating Krivine rounding scheme (recall Definition 2.2)?
We do not have sufficient data to conjecture whether the
answer to Question 3.2 is positive or negative. But, we note
that if {fm 2 gr(fl;)x} were an alternating Krivine rounding
scheme then
Kg = sup (\[ﬂ-) = sup <\/§7T) .
neN BK <fmax, gfrtgx) neN HTKHLOC(R")—’Ll(Rn)
(22)
Indeed, assuming that { fn (ZX, gl(ﬁa)x} is an alternating Krivine
rounding scheme the upper bound in (22) follows from
Corollary 2.3 and the identity (11). For the reverse inequality
in (22) we proceed as in [10]. Using (3) with f,g : R™ —
Sn—1 given by f(z) = g(x) = x/||z||2, we see that

Jon Jon K

HTK”LOC(R")—>L1(R”)

W
(2,y) stz drdy

e ; (23)

and we conclude that (22) is true since by equation
(2.3) in [10] the integral in the numerator of (23) equals
"2 ”(1 —1/n+ 0(1/n?)).

4. A COUNTEREXAMPLE TO KONIG’S CONJECTURE

In this section, we present a counterexample to Konig’s
conjecture. We construct a pair of functions f,g : R? —
{—1,1} such that Bx (f, g) > Bk (fo, go). In the conference
version of this paper, we omit the proof of this result.

In our construction, we use Hermite polynomials (see [2
Sec. 6.1]). We let {h,, : R — R}$°_, denote the sequence
of Hermite polynomials normalized so that they form an
orthonormal basis w1th respect to the measure on R whose
density is z — e —a . Explicitly,

i (=)™ 2 d™
h() 22 —ED 2 (), e
V2mmi/T dz™
so that [, fu (x)hy(2)e =2y = 8,1, We consider the fifth

Hermite polynom1a1 hs
425 — 202 + 152
2YmV15

(we discuss the reason why we consider h5 in the full version
of this paper; see also Remark 4.1).

hs(x) =

For n € (0,1) let f, : R — {—1,1} be given by
def [ 1 @9 = nhs(z1),
Fo(@, 22) = { —1 @o < nhs(z1). (25)

Note that since hs is odd, so is f;, (almost surely). For z € C
with |R(z)| < 1 we define

def 7

Hy(2) = SHy,.z,(2) (26)

—llzli3=llyli3+22(z,y)

_ fRQX]RQ f’l](x)fn(y)e 1-=% dl‘dy
N 27(1 — 22) '
Lemma 4.1: H, is analytic on the strip
s¥zeC: R()| < 1}. @7
Moreover, for all a + bi € S we have
‘ 7 (14 a)? +b2) ((1 —a)? + b2
1 —a?)y/(1—a?)? +b* +2(1 + a2)b?
(28)

Lemma 4.2: For every z € C with |R(z)| < 1 we have
Hy(z) = arcsin(z).

Theorem 4.3: There exists 19 > 0 such that for all €
(0,m0) we have

M ¢ (10g (14 v2) .20).

Theorem 4.3 implies that the answer to Konig’s problem
is negative. Indeed,

1) (26) 1 i3 +1vl3 .
Bl o L [ g fylwge 5 sin (o.)) dady
]R2><]R2
_ BK(fmfn)
47 '
Since arcsin(i) = ilog(1++?2), it follows from

Lemma 4.2 and Theorem 4.3 that for every n € (0,70)
we have BK(fn’fﬂ) > BK(f(),fQ). Since fo(d)l,l‘g) =
sign(xs), the claimed negative answer to Konig’s problem
follows.

In the proof of Theorem 4.3 presented in the full version
of the paper, we consider the function ¢(n) = 4w H, (i)/1
and show that ¢©”(0) = 0 and ¢"”(0) = 38400v/2. We
conclude that ¢(n) = ¢(0) +1600v/2n* + O (n°) as n — 0.
Therefore,

Hy (i) _ o) _ ¢(0)
i 4r 4dT
when 7 is small enough.

Remark 4.1: Clearly, we did not arrive at the above
construction by guessing that the fifth Hermite polynomial
hs is the correct choice in (25). We arrived at this choice as
the simplest member of a general family of ways to perturb
the function (x1,x2) — sign(zz). We discuss our choice in
the full version of this paper.

:1og(1+\/§),
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5. PROOF THAT Kg < Moa(172)

We will fix from now on some 1 € (0,79), where 7 is
as in Theorem 4.3. For p € [0, 1] define
Fy « (1—p)Ho + pH,,
where H,, is as in (26). In what follows we will denote the
unit disc in C by

]D)dﬁf{ze(c

|z] < 1}.

Theorem 5.1: The exists py > 0 such that for all p €
(0,po) we have F »(S) 2 5D and F; ! is well defined
and analytic on D Moreover if We write F~ LYz) =
Sooe ak(p)zt then there exists v =, € [0, 00) satlsfymg

E]w

=1, (29)

and
v > log (1 n \/§> — 0.88137... (30)

Assuming Theorem 5.1 for the moment, we will now
deduce Theorem 1.1.

Proof of Theorem 1.1: Fix p € (0,pg) and let v > 0 be
the constant from Theorem 5.1. Due to (29), "p2 , ax(p)7*
converges absolutely, and therefore F - ! is analytic and well
defined on yD. For small enough p some of the coefficients
{ar(p)}32, are negative (since the third Taylor coefficient
of Hy'(2) = sinz is negative), implying that for every
r € [0,1] we have

Fy () cs. (3D

o0
= )ty e (-1,
k=1

Let H be a Hilbert space. Define two mappings L, R, :
H— @, 1O K by

def >
Ly(x) =Y V]ar(p) " 2%k

>
Il
—_

[N

N

Ry(x) = ) sign(ar(p))v/]ar(p)|y*/2z®*.

ol
Il
—

By (29), if [[z[l% = 1 then [|Lp(z)llx = [[Rp(2)]x = 1.
Moreover, if |||l = ||y]l% = 1 then

. an
Zak (m, ) = F  (y(z,y) €S

(32)

For N e Nlet G : RY — R? be a 2 x N random matrix
with ii.d. standard Gaussian entries. Let gi,g2 € R? be
the first two columns of G (i.e., g1, g2 are i.i.d. standard
two dimensional Gaussian vectors). If z,y € R are unit

(Lp(x), R

vectors satisfying (x,y) € S then by rotation invariance we

have
f(he)n(bo))- e
(55) 1 (w0 G5+ V=Tl )| - o

g

[ (g )

R2xRR2
2 2
()
s
where we made the change of variable u = v/2u' and
(\fv — )/\/1 —(z,y)? Whose Jacobian

is 4/(1 - (z, y>2>

Fix an m x n matrix A = (a;;) and let
TlyeeyTm,Yl,---,Yn € H be unit vectors satisfying

m n m n

ZZaij@i,yj) =M déf maxZZaijwi,vj), (34)

i=1 j=1 i=1 j=1

where the maximum is taken over all unit vectors
UlyennyUm,V1,...,U, in H. Consider the unit vectors
{Lp(zi)}i2y U {Rp(y;j)}j=1, which we can think of as
residing in RY for N = m + n. By (32) we have
(Lp(x;),Rp(y;)) € S for all ¢ € {1,...,m} and j €
{1,...,n}, so that we may use the identity (33) for these
vectors. Let A be a random variable satisfying Pr[A = 1] =

p, Pr[]A = 0] = 1 — p. Assume that X is independent of G.

Define random variables e1,...,&p,01,...,0, € {—1,1}
by
1
g, = (1 — )\)f() EGLP( ) —+ )\f,,] p 'rz
and
1
5= (1= fo (S5GR, ) ) + My ( Ryu))
Then,
max aijoi; 2 E a;je;0
O, €{— 11}22 I 22 J ]
T, TE€{-1,1} *=J i=1j
(33) 2
2 2 575 0 (1= D Ho((Ly (o), Bylu)
i=1j=1

+ pH, ({1, (m,Rp(yj»))

fZZau ) B (45)))
i=1 j=1
2 ~ 2
D 2SS a by (5 ) 2 Zar
i=1 j=1




(30)
This gives the bound Ko < =~

o o ;
2y < 2ioa(11V2)’ as required.

|
Our goal from now on will be to prove Theorem 5.1.
Lemma 5.2: Hy is one-to-one on S and Hy(S) 2 D.
Proof: The fact that Hy is one-to-one on S is a
consequence of Lemma 4.2. To show that Hy(S) 2 D
we need to prove that if a,b € R and a® + b? < 1 then
|R (sin (a + bi)) | < 1. Now,

e? + e~?
2

IR (sin (a + bi))| = | sinal. (35)

Using the inequality |sina| < |a|, we see that it suffices to
show that for all « € (0,1) we have

e ” T 1<l (36)

By Taylor’s formula we know that there exists y € [0, z]
such that

e’ 4+ e " 22 ozt eV4eV
3 ity Tt T 37)
1 Zp et 2 o
2 24 2 2 12
Note that

2 4\ 2 4 6 8
(145 +5) -2 -1 TS T,
which together with (37) implies (36). |

Lemma 5.3: For every r € (0,1) there exists p, € (0, 1)
and

a bounded open subset (2, C S with Q, C S such that
for all p € (0,p,) the function F), is one-to-one on €2, and
F,(Q2,) = rD. Thus F;l is well defined and analytic on
rD.

Proof: For n € N consider the set

En:{ze(C: |§R(z)|<1—% A |o(z)|<n}.

Using Lemma 5.2, fix a large enough n € N so that
Hy(E,) D rD. The bound (28) implies that there exists
M > 0 such that |H,(z)] < M for all » > 0 and
z € 0FE,41. By Lemma 5.2, Hy takes a value ( € rD
exactly once on E,, 1, and this occurs at some point in F,,.
Hence,

def .
m = min
¢cerd

[Ho(z) —¢[ > 0.

2€E0FEn 41

Define p, = m/(2M).

Fix ¢ € rD. If p € (0,p,) then for every z € OE, 11
we have |p (H, (=) — Ho(2))| < 2 (Hy(2)| + [Ho(2)]) <
m < |Hp(z) — ¢|. Rouché’s theorem now implies that the
number of zeros of Hy—( in F, 11 is the same as the number
of zeros of Hy—(+p (H, — Hy) = F,—(in E, ;. Hence
F, takes the value ¢ exactly once in 4. Since ¢ was an
arbitrary point in D, we can define Q, = Fp’l(r]D). ]

Lemma 5.4: For every r € (0, 1) there exists C, € (0, 00)
such that, using the notation of Lemma 5.3, for every p €
(0,p,) and z € rD we have

|F ' (2) = sinz — p (2 — Hy(sin 2)) cos z| < Crp®. (38)
Proof: Note that

z=F, (Fp_l(z)) =(1-p)Ho (Fp_l(z)) +pH, (Fp_l(z)) .
(39)

By differentiating (39) with respect to p, we see that

Ho (F; ' (2)) + (;;Fp—l(z))

< (0-n TR () + 0 (57))

=H, (F, ' (z)) — Ho (F,'(2))

p

0=H, (F;\(2)) -

p

Hence,
d

) =

(Ho (Fy ' (2)) — Hy (B () - (B (2))

(40)
If we now differentiate (40) with respect to p, while us-
ing (40) whenever the term %Fp_l(z) appears, we obtain

the following identity.

F 0 = [ () - S (5 )
d2

'(2) - Hy (F, (2 >>) o2 (57()]

- (Ho (Fy M (2)) — Hy (F; ' (2))) @ (M=), @D
Take M = M, > 0 such that for all w € €, we have

dH dH
o { [How)l 1y )] | 52 )| | S22 0| | < 01
(42)
Note that (42) applies to w = F,,"'(z) for z € rD. We also
define R = R, = maxwcoq,,,,,, |w|- Then for ( € D
we have |F,*(¢)] < R.If z € rD then by the Cauchy
formula we have

dH,

+ (HO (Fp_

d , 1 F(¢
dz(Fpl(Z))‘_ w(r + 1)i 7{ (gp—(z)>2dC
L op
© |F(0) _ 4R
Sceltron (IC1 - [2))2 T (1 -1
Similarly,
d2 1(4‘ 16R
e v e T

1+r8D



These estimates, in conjunction with the identity (41), imply
the following bound:

16R 4R
‘dPQ » (2M+2M( ))QM(IT)Q'

By the Taylor formula we deduce that

d
—1 -1 — 2
By ) = B () =p 5o F, )| | <O

p=0

where C, = ?ﬁjg gl—i— (112?}3)' It remains to note
that due to Lemma 4.2 and the identity (40), we have
ddpr (z )p = (z — Hy(sin z)) cos z. [ |

Proof of Theorem 5.1: We will fix from now on some
r € (9/10, 1). Note that since the Hermite polynomial hs is
odd, so is H,,. Hence also F), is odd, and therefore a;(p) = 0
for even k. For z € rID write ¢(2) = (2 — Hy(sinz)) cos z.
Consider the power series expansions

sinz = Z bopp122 L = Z kT 1)'z2k+1,
k=0 k=0 ’

and
oo

B(z) =Y coppr2™ T (43)

k=0

By the Cauchy formula we have for every k € NU {0},

|aok+1(p) — bakt1 — Peart1| = (44)
F7Y2) —sinz — 38) O .p2
1. % » (2) —sinz — pe(z2) | 2 C,p '
2mir z2k+2 r2k+2

70D

Note that by Lemma 4.1 the radius of convergence
of the series in (43) is at least 1, and therefore
> reo leak+1](9/10)2*+1 < co. Hence,

> 9\ uh S (9/10)%+
> lazks1(p)] () > Z (9/10) (45)
k=0

10 (2k + 1)!
o0 9 2k+1 Crp2 o0 9 2k+1
_szzo‘czlwrﬂ <10> - , ’CZ::O (107“)

e9/10 _ ,—9/10

= - 0(p) > 1.02-O(p).

By continuity, it follows from (45) that provided p is small
enough there exists 7 > 0 satisfying the identity (29). Our
goal is to prove (30), so assume for contradiction that v <
log (1+V2) < 9/10. Note that since r € (9/10,1) we
have

r 9 50

Fix € > 0 that will be determined later. We have seen in

Lemma 5.2 that sin () C S. Since H,, is analytic on S,

(46)

it follows that ¢ is analytic on 5
exists n € N satisfying

D. Since v < 9/10, there

o
€
> ey < 3 (47)
k=n+1

There exists p = p(e) such that for all p € (0, p(¢)) we have
plesks1| < 3|bogs1| forall k € {0,.. ., n}. In particular, we

have sign(bojy1 + peogr1) = sign(bags1) = (—1)*. Now,
F, (i)
1— pi‘ 48
o "
(29) = k 2k+1
23 (la2k10)] = (= D*azpsa () -4+
k=0
44)

oo
S Z. [ban1 + peana] = (=1)* (bansr + p02k+1)' CyPh

k=0
2k+1
+2Z SR

To estimate the two terms on the right hand side on (48),
note first that

© 2 ( 6) 2k+1
G (W)

k=0 49)
where C/. depends only on . Since p € (0,p(e)) we know
that for all k¥ € {0,...,n} we have |bagt1 + pcort1| =
(—1)* (bory1 + pcary1). Hence the first n terms of the first
sum in the right hand side of (48) vanish. Therefore,

o0
Z |[bor+1 + pearri] — (—1)F (bars1 + pears1)| >
k=0

D ookt + pearia| = [barsa] = (=1)*peaira | 7>
1

it @7
<2 Y ek ™ < pe. (50)
k=n+1
By substituting (49) and (50) into (48), we see that if we
define 3 = F, ! (i) — i then

18] < Clp* + pe. (51

Let Ly be the Lipschitz constant of Hy on ¢+ %}D) C S (the
disc of radius % centered at 7). Similarly let L,, be the Lips-
chitz constant of H,, on i-+3D, and set L = max{Lo, L } It
follows that F, = (1 p)HO +pH,, is L-Lipschitz on i+3D.
Due to (51), 1fp is small enough then i + 8 € i + ]D) and
therefore,

tog (1 v2) >y = BBED S BU )

s (L p) >+p2r 0

=(1-p)log (1-1—\@) _|_pHnT(i)

— Lp(Cip+e)

—Lp(Cip+e).



This simplifies to give the following estimate:
(i
ﬁ < log (1 + \/5) + LCp + Le.
)

Since this is supposed to hold for alle > 0 and p € (0, p(¢)),
we arrive at a contradiction to Theorem 4.3. ]

Remark 5.1: An inspection of the proof of Theorem 1.1
shows that the only property of H, that was used is that
it is a counterexample to Konig’s problem. In other words,
assume that f,g: R? — {—1,1} are measurable functions
and consider the function H : S — C given by H(z) =

=llzll3=llyll3 z{x,
37 Juz e F(@)9(y) CXP( leela—|lwla2t y>) dxdy.

Assume that Br(f,g) > 4mlog (1+ \/ﬁ) where By is
Konig’s bilinear form given in (5). Then one can repeat the
proof of Theorem 1.1 with H, replaced by H, arriving at
the same conclusion.

Conjecture 5.5: Recalling Definition 2.1 and Corol-
lary 2.3, we conjecture that for small enough n € (0,1),
the pair of functions f = g = f, : R? —» {-1,1} is a
Krivine rounding scheme for which we have c(f,, f;) >
2og (1+ v/2). In other words, we conjecture that in order
to prove Theorem 1.1 we do not need to use a convex
combination of Hy and H,, as we did above, but rather use
only H, itself.
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